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This document contains: (1) a short prelude, to check that some of the bounds obtained or claimed
during the lecture part of the tutorial make sense; (2) a two-parter online component, where you will
derive upper and lower bounds on some high-dimensional estimation problems under bandwidth
or privacy constraints; (3) extra exercises, if you want additional material to go through at home.
Detailed solutions will be made available, for we are not total monsters.

Exercise 0.1 (Sanity Checks). We have seen that, for discrete distribution estimation (in total variation/t,
distance) over {1,2, ..., d}, we could derive a lower bound of

d2
& (2‘552 >
on the sample complexity under ¢-bits information constraints, and Q(p‘j—;) , Q(%) under LDP con-

straints (p € (0,1] and p > 1, respectively). Comment on those bounds: do they pass basic “sanity checks”?
(Hint: Recall that, without constraints, the tight bound is known to be @(6%))

Solution. For ¢/ = log, d, each user can actually send their full sample, since it only takes log, d bits to en-
code an element of {1, ..., d}. So we want the lower bound Q(d?/(2°¢?)) to (1) decrease with ¢ (the bigger
/¢, the easier the task is, so the lower bound should become worse) and (2) retrieve the j—’z unconstrained
sample complexity when ¢ = log, d. Good, that’s the case. i

For the LDP constraint, this is similar: we retrieve the unconstrained sample complexity for p = logd,
and the lower bounds for p > 1 and p < 1 are consistent for p = 1. Also, in all those cases the bound we
obtain is higher with the local constraint than in the unconstrained case, which is... reassuring. O

1 Online: Mean Estimation, Upper and Lower Bounds
In what follows, we consider identity-covariance Gaussian distributions with bounded mean:
Ga = {N(p,1a) : p € R, [|pfl o < 1}
and Bernoulli mean products:
Ba = (@ Rad (3 (s + 1)) - € B, oo < 1)

(product distributions over {41} where the ith coordinate has mean y; (equals 1 with probability ”T“))

We will establish bounds on the sample complexity of mean estimation (under ¢3 loss) for both ¢-
bit communication constraints, and p-LDP. The first part of the recitation focuses on applying the
framework discussed in the lectures to derive lower bounds (for the Bernoulli case) against interac-
tive protocols. The second part will use some ideas evoked in the first part of the tutorial, as well as
some general “tricks,” to obtain matching upper bounds.

As a baseline to keep in mind, estimating the mean of either identity-covariance Gaussian distri-




butions or Bernoulli products to /5 loss € € (0, 1] has sample complexity

°(3)

without any constraint.

1.1 Lower bound on Bernoulli Mean Estimation

We will use the general lower bound framework discussed in the tutorial Acharya et al. 2020| to obtain
a sample complexity lower bound for Bernoulli product mean estimation (i.e., the family B,) in ¢3 loss,
under ¢-bits communication and p-local privacy constraints. Here is what we want to use:

Consider a family of 2¢ “hard distributions” P C By, indexed by Z = {+1}9, which satisfies the
assumptions. For us, X = {£1}% (our Bernoulli product distributions are over X), and we will assume
for notational simplicity that Y is discrete.

Assumption 1 (Additive loss). Fixe > 0andrt € (0,1/2]. Forallz,z' € Z,

= Z/”O)w

62(,“27#2’)>45( —d
Assumption 2 (Densities exist). Forallz € Z andi € [d], therearea,, € Rand ¢, ;: X — R s.t.

dpz@i
dp:

=1+ az7i¢z,i

and |o, ;| < o, wherea € R is a fixed constant independent of z, .
Assumption 3 (Orthonormality). Forallz € Zand1 <1i,j <d,

1 ifi=j
0 otherwise.

Ex~p. [02i(X)92,;(X)] = {

Assumption 4 (Subgaussianity). Thereisc > 0s.t., forallz € Z and1 <i,j <d,

6:(X) = ($21(X); ..., $:.4(X)) € R?
is o2 -subgaussian for X ~ p., with independent coordinates.
Then we have the following:

Theorem 1. Suppose Assumptions|l| and |2 hold, and let e, as in Assumption[ll Suppose 11 is an
interactive protocol using W with n users, with expected (3 loss at most €* over {pz}z, when Z ~
Rad(7)®?. Then, (1) ifAssumption@ holds,

o? Varx p, [W(y | X)]
o — z =Q(1
" B Ey WX




and (2) if Assumption[d holds,

a?o?

n- max max H(p") = Q(1),

z€EZ WeW

where H(pY) is the Shannon entropy of the distribution p¥V induced by p, and W on Y (and thus is
at mostlog, |Y|).

Construction. Now, what should we choose as P? Discussion: A natural choice is to have the discrepancy
between means “spread out” uniformly over all coordinates (all coordinates of the mean to estimate are equally
important) and to make each coordinate as unbiased as possible (since biased v. unbiased coin is the “hardest”
in one dimension). This motivates setting, for some “suitable” v > 0,

1
pe=yz € [-1,14  po=ol, Rad(3 (1= +1)) (1)

for every z € {£1}¢ (and P := {p.}.c(x1;4). Moreover, we'll consider the uniform prior of Z, i.e., Z ~
Rad(1/2)®4. Discussion: We don't have any sparsity constraint on g, and all coordinates have a symmetric role,
so uniform prior makes sense: each p; is chosen to be £+ independently.

Exercise 1.1. From Eq. , write the expression for p.(z), for arbitrary z € {£1}¢ and x € {£1}.

Solution. Fix . For x € {+1}%, we have, since v2; = 1,; = Ex~p.[Xi] = Prp.[X; = 1] = Prp_[X; = —1] for
alll < <d,
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Exercise 1.2. Given our construction of p, (Eq. (1)) and v, how should we set~? (Hint: Assumption |1})

Solution. Since j. = vz, we have lo(ji., j1.) = ||z — 2|2 = 2y '|lo, as z, 2’ € {£1}4. To satisfy As-
sumption since 7 = 1/2 it suffices to set v > 2v/2¢/1/d. Let’s do that: v := 2v/2¢//d. O]

Exercise 1.3. Show that ifa. ;, ¢ ; satisfy Assumption[3, then Ex p_[¢.,:(X)] = 0.

Solution. By Assumption

S E’M*: H—«:depiz*qzfﬂap~ dpee: |
Qg b dpz Az - dpz P ,_ dpz
1
T o (Ep . [1]—1) =0 )

Exercise 1.4. Find a.;, ¢, o to satisfy Assumptions[2 and[3, (Hint: Start by finding the expression for

the product . ;¢.;. Then compute Ey_[(a.,i¢:)?| and normalise to get . ;, since Ey_[¢2 ;] must equal 1

for Assumption E Finally, use the previous exercise to show Assumption (3 holds.)



Solution. Fix z, i. From Exercise[L.1} we have for all z € {£1}

d i
peoi(z) [1-. (1 +92;27") _ L—ymiz 14 —2yx;z

p-(z) H;.lzl(l +yx;24) C L4 ywiz L4 yaiz;
This tells us we should set o, ;¢ ; () == ﬁ;ii Now, since 22 = 22 = 1 for 2,z € {£1}9,
Ex.. ( > — 4By, = 4y°E g (2 (1amay) | ————
P \1T+7Xiz P (1 + v Xiz) BrRedGAR=) | (14 yBz,)?
1 i 1 1— vz 1 42
:472 +,YZ . 5 + ’yZ . 5 e ,y 5
2 (14 72:) 2 (1 —7z) 1=y

the second inequality using the fact that p. is a product distribution. This tells us that o, ; should satisfy
2

2,0

2
— 147% (great! It’s even independent of i), so we can set

27y 1 —2vx,z TiZ; TiZi — Y
| =, = ———— )= —  —— 17— /1 —~2. = — 2
« Qz g 1— fy2 ) ¢Z7L(T) a 1 + V2 Y 1 + Tz /;1 — 72 ( )

We have so far Assumption |2} and that Ej,_ [¢2 ;] = 1 (our choice of o, ; = a guaranteed that). For As-
sumption it only remains to show that E;,_[¢. ;¢. ;] = 0if ¢ # j. But since p. is a product distribution
and ¢, ; only depends on z;, we then have E,_[¢. ;0. ;] = Ep_[¢.:]Ep.[¢-,;] = 0-0 = 0, the last equality by

the previous exercise. L
We so far have shown Assumptions(I]to[3|hold. We already can apply part of Theorem|[I}

Exercise 1.5. Apply Theorem(] to get the LDP lower bound for mean estimation to (; loss e: for p € (0,1],

we must have
d? 3
=0 —
! <€292> @
and some communication-constrained lower bound: for ¢ > 1, we must have
d2

(Hint: Use the statement from Exercise for LDP, seen in the tutorial; for communication constraints, use
Var[W] <E[W].)

Solution. The possibly tricky part is for Eq. (#). We use the fact that 0 < W(y | z) < 1forallz € X,y €
{0,1}* (it is, after all, a probability: the probability to send y upon seeing ) to write

Var[W] < E[W?] < E[W]

from which
§ Vorep (W | X)) 5~ ExeplW X))o
2 Bxp Wy [ X))~ & ExepW(y [ X)) |
and we can conclude from the first part of Theorem[] O

The bound for communication constraints in Eq. (4) can be significantly improved, however. To do so,
let’s show Assumption[4]holds. First, some useful facts.



Recall that a mean-zero r.v. U € R? is 02-subgaussian if, for every unit vector u € R?, the univariate
r.v. (u, U) is o-subgaussian: E [¢/(=U)] < ¢7***/2 for all ¢ € R. We also have the following:

Lemma 1 (Hoeffding’s Lemma). Let X be a real-valued r.v. s.t. a < X < b almost surely. Then

t _ M
quXEmﬁge 5

forallt e R.

Exercise 1.6. Show that Assumption holds for 0® = % Use then the second part of Theorem the
communication-constrained lower bound

d2
_ Q(E%) 5)

Solution. Fix » € {£+1}4, and u s.t. ||ul|3 = 1; and let U = ¢.(X) (where X ~ p.). By Exercise the
vector U has mean zero; by our expression for ¢, ; (which only depends on z;) and the fact that p, is a
product distribution, the coordinates of ¢, (X) are independent. Finally, from Eq. (2) we see that

1 —~2 1 ~
624(X)] < gy ey
1—~ 1—~

d
E |:(7L<,zz.[;’>:| _ EXNP; |:(i/' e VIL,,@;,I(X)] _ ]EXNp; [H clxu,,ozyi(X)‘|

i=1

fort > 1. (Hint: Use Hoeffding’s lemma.)

Thus we have, fort € R,

d
— H Ex~p. [e‘l‘l‘“Z~7"<X>] (Independence of coordinates)
=1
d o 2,2,2
= H e 2 (Hoeffding’s Lemma)
=1
— e3t?? Xl ui _ 5tP0?

(Since ||lu|2 = 1)

which shows that Assumption [d]is satisfied, as wanted. Applying the second part of Theorem [I]accord-
ingly, noting that 0 = O(1) and log, || = ¢ gives the result. O

In the next part, we will show that Egs. (3) and (5) are optimal, and are actually achieved by noninter-
active (even more, private-coin!) protocols.

1.2 Upper Bound on Gaussian and Bernoulli Mean Estimation

We now will complement the lower bounds (against interactive protocols) from the previous section by a
noninteractive, private-coin protocol achieving the same sample complexity. The idea will be to first get
the communication-constrained upper bound using 2 techniques:

* Reducing Gaussian to Bernoulli product mean estimation (simpler! Everything is bits!)
* Using SIMULATE-AND-INFER for Bernoulli products

and, finally, to use the communication-constrained algorithm for ¢ = 1, along with a simple LDP protocol
(Randomized Response) to get the LDP upper bound.



Exercise 1.7 (Reduction between Bernoulli Product and Gaussian). Suppose one has a mean estimation
protocol for By under (3 loss with sample complexity n. Show that this implies a mean estimation protocol
for G, under (3 loss with sample complexity O(n). Is the converse true? (Hint: Erf is well-behaved on [—1,1].)

Solution. Let p € G, with mean n(p) = (u(p)1, ..., u(p)a). For X ~ p,letY = (sign(X;));ciq € {£1}“ be
arandom variable indicating the signs of the d coordinates of X. By independence of the coordinates of
X, Y is distributed as a product Bernoulli distribution (in 54) with mean vector v(p) given by

(P )-) :
=2 Pr[X; >0]—1=Exf , i € [d], 6
/(B)i =2 Pr (X, > 0) (M2). e ®
and, since |u(p);| < 1, we have v(p) € [—n,n]%, where n := Erf(1/v/2) ~ 0.623. Moreover, each user, given
a sample from p, can convert it to a sample from the corresponding product Bernoulli distribution. It
remains to show that a good estimate for v(p) gives a good estimate for p(p).

Lemma 2. Fixp < Gq. Forv € [—n,n)%, definefi € [—1,1]¢ by fi; == V2Erf (), for alli € [d]. Then
ln(p) — Ell2 < /5 - lv(P) — 7|2

Proof. By computing the maximum of its derivativewe observe that the function Erf ! is ¥~
n [—n,n]. By the definition of 7i and recalling Eq. (), we then have

d d d
~ ~ _ e
i) — I3 = > (u(p)i — i)® =2 (Exf (1) — Ext 1 (#))” < R Z )%,
=1 =1 i=1
where we used the fact that v, v € [—n, 5% O

This concludes the argument. Note that the converse is false (or, atleast, is unknown): at the very least,
one can show that|there is no conversion from Bernoulli to Gaussian which preserves distances between
means. L]

Exercise 1.8 (Upper Bound for Bernoulli Product). Use the exercise above to obtain a noninteractive,
private-coin protocol for Gaussian mean estimation (under (3 loss) under (-bit communication constraints

with sample complexity O (%) . (Hint: Simulate-and-Infer.)

Solution. By the earlier exercise, it suffices to show the result for Bernoulli products. Great, now we have
d bits to send (not real values), and ¢ we can send. Suppose ¢ < d. Since we have a product distribution p
over {+1}4, we can use d/¢ users to get one sample from p, as follows: the first user sends the first ¢ bits of
her sample, the second sends the coordinates ¢ + 1, ..., 2¢ of her own sample, etc. Concatenating those
d/¢ bits corresponding to disjoint groups of ¢ coordinates, we get a bona fide sample from p.

We can then use the centralized (without constraints) algorithm for mean estimation of Bernoulli

products, which takes O( ) samples. The overall number of users needed is ¢ ()(E‘—’Q) =0 (;‘%) . (This is,

in effect, a version of Simulate-and-Infer for Bernoulli products, where the 31mulate” part is quite sim-
ple.) Finally, if ¢ > d, each user can send their full d-bit sample and we can use the centralized algorithm
directly. O

Exercise 1.9 (From communication to local privacy). Deduce, for p € (0, 1], the existence of a noninterac-
tive, private-coin protocol for Gaussian mean estimation (under (3 loss) under p-LDP (no communication

constraints) with sample complexityO(%). (Hint: Case £ = 1, and Randomized Response.)

2

1Specifically, we have that max, ¢ [—n,n Erf™ L(x) = 1/+/2 by definition of » and monotonicity of Erf. Recalling then that, for all

z € [-n,n)], (Exf 1) (z) = m = YT e(Erf" H@)? < Le? we get the Lipschitzness claim.


https://cstheory.stackexchange.com/questions/48035/converting-a-bernoulli-to-a-gaussian
https://cstheory.stackexchange.com/questions/48035/converting-a-bernoulli-to-a-gaussian

Solution. Recall that the Randomized Response (RR) mechanism (with parameter p > 0) is the channel
W {£1} — {£1} such that, forall z,y € {£1},

e’

W(ylx){lﬁc”

1+er

0

+

+o(p) ifx=y
+o(p) ifx#y

ISR NI
EalESIE i)

This is p-LDP. Now, using the previous algorithm for ¢ = 1, we can focus on learning the bias of each coor-
dinate one by one (and see how many users we need to learn one coordinate of the mean p to good accu-
racy, before multiplying that by d to get all coordinates). Since each message, after being sent through the
RR channel, is basically a biased Bernoulli, with parameter 1/2+0O(p) depending on whether the true bit is
+1, each “message bit” is a Bernoulli with parameter 1/2+0(pu;) and we need O((v/d/pe)?) = O(d/(2p?))
users to get j; to an expected squared error (MSE) (¢/v/d)? = €2/d. Summing over all coordinates, since
the MSE adds up, we need d- O(d/(e2p?)) = O(d?/(¢?p?)) users to get n to MSEE [[| 1 — i]|?] < 2. (We can
then convert that to a constant probability guarantee by using, e.g., Markov’s inequality.) O

Exercise 1.10 (The boundedness assumption). Generalize the above exercises to
Ga(R) = {N(u1a) : p € RY, ]l < R}
where R > 0 is a parameter given as input to the protocol. Can we set R = oo?

Solution. The dependence on R will only show up in the reduction Gaussian ~» Bernoulli: check the
proof of Exerciseto see where. (Basically, the parameter v = Erf(1/1/2) governing the range of v(p)
will now depend mildly on R. But that part, by itself, is still alright! The “bad” dependence on R will
then come from the change in the Lipschitzness constant of Erf ', which means that the constant VE
in Lemmawill become an increasing function of R. Which means that, for large R, one will have to
estimate v(p) (the Bernoulli mean) to much higher accuracy to get the desired accuracy ¢ on u(p).
However, having some dependence on R is necessary, so we cannot hope to do away with it and set
R = oo. Roughly speaking, one can use a packing argument to show that if the mean is assumed to
have /., norm bounded by R, then the sample complexity (under either communication or local privacy
constraints) must grow at least as logQ<1) R. O

2 Extra (offline): More exercises

The exercises marked with an asterisk do not have a solution provided. Feel free to email us if you're stuck!

2.1 Lower bounds: more sanity checks, and practise

Exercise 2.1. Recall that we were able to derive a () (;‘%) lower bound for Gaussian mean estimation under

(-bits communication constraints. Why did we only get a 2° for discrete distribution estimation? (Hint:
Check the subgaussianity+independence assumption. Also, the upper bound, for a “Well, duh!” answer.)

Solution. The “Well, duh!” answer is that getting an ¢ dependence on the lower bound would contra-

d?
g22t |

complexity of © (%)) when ¢ = log, d (cf. Exercise.

A more precise answer is that we have neither independence, nor (nontrivial) subgaussianity with the
lower bound construction for the discrete estimation case, where we have |4, ;| = O(v/d) (and corre-
sponding, the best subgaussian parameter we can get is a “trivial” 02 = ©(d)). Note that the issue is not
just in the independence part. Even under Poissonization, we would have had a 2° - the subgaussianity
parameter is truly the issue. L

dict the upper bound of O

and also not match the known unconstrained setting bound (sample



Exercise 2.2 (x). Suppose you are in a setting where each user sends their data via an erasure (oblivious)
communication channel, which just “swallows” the message with fixed probability n € [0,1]. Model this
as a family W, of local constraints, and derive a sample complexity lower bound for discrete distribution
estimation (in total variation distance). (Hint: W,, C {W: [d] — [d]U{L}}.)

Complement this with a matching upper bound.

2.2 Simulate-and-Infer

Exercise 2.3 (Simulate-and-Infer). Suppose you want to prove a (noninteractive) lower bound on the sam-
ple complexity of some estimation problem P under (-bit communication constraints, of the form

)

Show that it suffices to prove it for ¢ = 1. Does it extend to interactive protocols?

Solution. Suppose there exists a noninteractive protocol IT on n users under ¢-bit communication con-
straints for . Then the output of user i (over the input X ~ p) induces a distribution p’ on {0, 1}*.
Thus, by SIMULATE-AND-INFER, a sample from p’ can be simulated by an (expected) O(2°) users with
1-bit communication constraints.

Overall, IT can be simulated using (in expectation) N = O (2%) users with 1-bit communication con-
straints. This means that a lower bound N = Q(f(P)) for 1-bit communication constraints implies the
desired n = Q(f(P)/2") for ¢-bit constraints.

Yes, it extends. [Check it!] O

2.3 Connection to local privacy

Exercise 2.4. Fix any p > 0, and suppose that W : X — Y is a p-locally private channel (for simplicity of
notation, with discrete output space). Show that, for any probability distribution p on X, we have

Varx~p[W(y | X)] min((e” —1)2, e”
2 Fpy [X)] < M ).

(In particular, for p € [0, 1] the RHS is O(p?).)

Solution. By definition of p-LDP, we have, for every y,z,2', W(y | ) < e?W(y | 2’) or, equivalently,
Wy |xz)—W(y|a2') < (e —1)W(y | 2’). Taking expectations over =’ ~ p, we get

Wy | z) = Ex~p[W(y [ X)] < (e = Ex~p[W(y | X)]

We also have, similarly, W (y | 2)—W(y | 2') < (1—e ?)W(y | x) < (e?—1)W(y | x), so, taking expectations
over x ~ p, Taking expectations over 2’ ~ p, we get

Exep[W(y | X)] = W(y|2) < (e = DEx~p[W(y | X)].

Combining the two gives |W(y | ) — Exp[W(y | X)]| < (e — DExp[W(y | X)]. Squaring, and taking
the expectation over z ~ p once more, we get Varx..p[W (y | X)] < (e? — 1)’ Exp[W(y | X)]?. This holds
for every y € Y; going back to our sum, we then have

VE]‘I.XNP[LV(:U | X)] P _1\2 EXNP[VV(y ‘ X)]Z = (ef — 2 na = (ef — 2
2 w01 =T L By T 2 BV [0 = (=)




since > ., W(y | #) = 1for every z € X. This shows the first part of the statement; for the second, we
bound (for a fixed y € )) the variance as

Varxop[W(y | X)] < Exp[W(y | X)?] < sup W(y | z) Exup[W(y | X)] < e’Exp[W(y | X))
Tres

where the last inequality uses p-LDP to get W(y | z) < e?’Ex.p,[W(y | X)] for every = (as before, use the
inequality for x, 2’ and take expectation over 2’ ~ p). We conclude as earlier, summing over y € . O

2.4 Generalizing to per-user different LDP or comnunication constraints

This exercise asks you to generalize the arguments from Section 1] (both upper and lower bounds) to the
setting where each user has a possibly different local privacy parameter p; € (0, 1] (or a possibly different
bandwidth constraint ¢; > 1).

Exercise 2.5 (). Suppose useri (for 1 < i # n) has a local privacy parameter p; € (0,1], and let p*> =
L3 | p?. Generalize the proofs of Section for {5 mean estimation for Bernoulli products (or identity-
covariance Gaussians) to obtain (i) a noninteractive, private-coin protocol with sample complexity

d2
(%)
and (ii) a matching sample complexity lower bound of Q(%) against interactive protocols. Prove the
analogous statement if each user has a communication constraint (;, letting 0 .= L 37" (;: i.e., establish a
d2
bound of © (W) .
(Hint: For the lower bound, recall (cf. tutorial, or check the paper!) that in Theorem the “nsup, supyepw”

can be replaced by "> | sup, supyepy,.”)

2.5 From parameter estimation to estimating 7

Exercise 2.6 (x). Let Po := {ps}oco be a family of probability distributions over X parameterized by © C
R¥, and {p.}.c(s1y2 C Po. For simplicity, for each z € {£1}* we denote by 0. the parameter 6 € ©
corresponding to p,. Suppose that there existsy > 0 such that

162 = 0113 > v 12— 2llo, V22 € {1}

Discussion: Compare this assumption to Assumption . Show that, given an estimatorf: X™ — O for Pe such
that

sup By, 10— 0]13] < ¢
9€0
one can obtain an estimator Z : X" — {+1}¢ such that

. 4e?
sup By, [z = Zlo] < —
z€{£1}? Y

What does this imply if {p.} ,e (114 is defined by 6, = %z?@z =e2?
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