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Advanced Algorithms




The

A guestion

You have a graph, coming one edge at a time, with possible duplicates,

and no paper to write anything done, only your memory. What is its
average degree?
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The

A guestion (an answer)
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The

Streaming algorithms: what? (1/3)
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Streaming algorithms: what? (2/3)




Streaming qlgorlihms what? (3/3)



First example: Majority
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First example: Majority (Frequency Estimation)
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First example: the Misra-Gries algoriihm (1/3)
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First example: the Misra-Gries algorithm, alternative view (2/3)
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First example: the Misra-Gries algorithm (3/3)

Theorem 39. The Mi1srRA-GRIES algorithm is a deterministic one-pass
algorithm which, for any given parameter ¢ € (0,1], provides f1,. .., fu of
all element frequencies such that

f,-—emgfjgf,-, j € [n]

with space complexity s = O(log(mn)/¢). (In particular, it can be used
to solve the MAJORITY problem in two passes.)

The University of Sydney
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Second example: Approximate Counting Zmn1
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The

Second example: Approximate Counting and the Morris Counter

. x <0
2 foralll <i<mdo

32 Getitema; € {0,1}

4: if a; = 1 then

5: r; < Bern(1/2%) > Independent of previous choices.
6: X4 X+ 1

7. return d«2¥—1

Bl 7
\o{ d -7

University of Sydney !
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The

Second example: Approximate Counting and the Morris Counter

University of Sydney

1 Cop+1
2: forall1 <i < m do

3
4:
5
6

7.

Get item a; € {0,1}
if a; = 1 then

r; < Bern(1/C;_q)

elser; < 0
C; + 2"iC;_4

8 return d < C,—1

> Independent of previous choices.
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Throwback: Law of Total Expectation (and Friends)
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The

Second example: the Morris Counter (1/3)

[{Cn]-‘-' Co:| (}-Bq C.. .- C‘)

1 C()(—l
2 foralll <i<mdo

N v RWw

Get item a; € {0,1}
if a; = 1 then

r; < Bern(1/C;_1) > Independent of previous choices.
elser; < 0

C; + 2riCi_1

8 return d Cn—1

[F[C“.,IC] i "2¢,. (1- ).,

[ 3

- CE*‘"

s HC.- QECICT] < B[] aw
> E[Cm]; l+'§'ﬂ-;:]+ol J

University of Sydney

E[Cg*—t ’ij = Cf + R
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Second example: the Morris Counter (2/3)
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The University of Sydney a

1 C[)(—l
2 foralll <i<mdo

3 Get item a; € {0,1}

4 if a; = 1 then

5 r; < Bern(1/C;_1) > Independent of previous choices.
6 elser; < 0

7 C;+ 2iCi_q

8 return d Cn—1
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Second example: the Morris Counter (3/3)
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Second example: the Morris Counter, Median-of-Means

The University of Sydney

Theorem 4o0. The medians-of-means version of the MORRIS COUNTER
is a randomised one-pass algorithm which, for any given parameters

e, 0 € (0,1], provides an estimate d of the number d of non-zero elements
of the stream such that

Pr[(1-e)d <d<(1+4e)d]|>1-0

with space complexity
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Did we need to do thai?
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Second example: the Morris Counter, careful version (1/2)
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Second example: the Morris Counter, careful version (2/2)

The University of Sydney

Theorem g41. The “careful” version of MORRIS COUNTER is a ran-
domised one-pass algorithm which, for any given parameters ¢,0 € (0, 1],
provides an estimate d of the number d of non-zero elements of the stream
such that

Prl(1-e)d<d<(1+e)d]| >1-0

with space complexity

s = O(loglogm —b—log% + log %)

that is, doubly logarithmic in m and logarithmic in 1/¢.
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Third example: Distinct Elements
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Third example: Distinct Elements, the Tidemark (AMS) algorithm (1/5)

E.:e(”

©: Pick h: [n] — [n] from a strongly universal hashing family
2: 2+ 0
- foralll <i<mdo
Get item a; € [n]
if zeros(h(a;)) > z then
z + zeros(h(a;))

7 return \/2 - 27

so(B)z Yangt 1 <} 2| %

mmﬂ'ﬁg;‘ﬂm
zane(R)

S o
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p ('e] |! ] 1: Pick hi: [1] — [n] from a strongly universal hashing family
— ) 2: 240
9& S’O( N _ s forall 1<i < mdo
p 0 ) ( Z) ¢  Getitem a; € [n]
+ 0% aj n 5: if zeros(h(a;)) > z then
6:

z + zeros(h(a;))
return /2 - 2°
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The

Third example: Distinct Elements, the Tidemark (AMS) algorithm (3/5)

ol

Univers

ity of Sydney

Lo+

1: Pick hi: [1] — [n] from a strongly universal hashing family
2z+0
3 foralll1 <i< mdo
] A0 laieis
-— - 17 % 4 Get item a; € [Ii]
7N " S0 ?ﬁ(gl(J)) ;?.;ﬂ 5: if zeros(/(a;)) > z then
') 6: z « zeros(h(a;))

7 return /2 - 2°
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Third example: Distinct Elements, the Tidemark (AMS) algorithm (4/5)

% J n aw 1: Pick hi: [1] — [n] from a strongly universal hashing family
E]:Ym]i: - p \jdn[yn] __(_%__ Bd'l n>0o S0

3 forall1 <i < mdo
4 Getitem a; € [n]

H !I ] 5: if zeros(fi(a;)) > z then
@ J 6: z + zeros(h(a;))

7: return /2 - 2°
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Third example: Distinct Elements, the Tidemark (AMS) algorithm (5/5)

Theorem 42. The (median trick version of the) TIDEMARK (AMS)
algorithm is a randomised one-pass algorithm which, for any given
parameter 6 € (0,1], provides an estimate d of the number d of distinct
elements of the stream such that, for some absolute constant C > 0,

Pr{%-dﬁngod] >1-0

with space complexity

s = O(logn-log%) :

The University of Sydney
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Can we do better?

The University of Sydney Page 47



Third example: Distinct Elements, the BJKST algorithm (1/4)

Input: Parameter ¢ € (0,1]

163

2!

10:

112

12:

Set k < O(log?n/€*), T + ©(1/¢2)
Pick h: [n] — [n] from a strongly universal hashing family
Pick g: [n] — [k] from a strongly universal hashing family

z+—0,B+<O
forall1 <i < mdo
Get item a; € [n]

if zeros(h(a;)) > z then
B + BU{(g(a;),zeros(h(a;)))}

while |B| > T do
z4+z+1

Remove every (a,b) with b < z from B

return |B| - 27

The University of Sydney



Third example: Distinct Elements, the BJKST algorithm (2/4)

Input: Parameter ¢ € (0,1]

i { . Hubp\ %IINJ";"": 401‘,% '-G&l .Cfﬂa. qpajn + ()ﬂ 2 i?ct:;[,(v)'(lfg'z-”w)' T 5.@(1/9)

n) — [nn] from a strongly universal hashing family

e qpﬂa "+ 0 ) 3: Pick g: [n] — [k] from a strongly universal hashing family
. apa Q%) ED

4 Z € 0, B @

8. wa T Oleg &+ legley )= O (il ). f°5"*]*"§,,z,,,“
TM Doy + L)Ly ) J o
<

:e—:+]
Remove every (a,b) with b < z from B
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Third example: Distinct Elemenis, the BJKST algorithm (3/4)

Input: Parameter ¢ € (0 1]

H‘[%"‘Oj P"[ Ivéz C’”->EJJ iPDY }?3 , = "J Setk<~0hg n/et), T« ©(1/e2)

: Pick h: [ 1] = [n] from a strongly universal hashing family

3: Pick g: [n] — [k] from a strongly universal hashing family

"‘ %W(R’[]y |>£d]fP[Z 91].) 4::+~~OH<~®

: forall 1 <i < mdo
,I-I (Jct item a; € [n]

CPRIMAbeA] » SPiza] @ T

g LA jl‘xlm whlle|8 >[do
esde W z+2z+1
h: S’-—l 9% d - Pl‘ [Z ‘> 5] 11 Refnme every (a,b) with b < z from B
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The

Third example: Distinct Elements, the BJKST algorithm (4/4)

University of Sydney

Theorem 43. The (median trick version of the) BJKST algorithm is a
randomised one-pass algorithm which, for any given parameters €,0 €
(0,1], provides an estimate d of the number d of distinct elements of the
stream such that, for some absolute constant C > 0,

Prl(1-¢)-d<d<(14e)d|>1-0

with space complexity

s = O((logn + log(l/e);loglogn) —log%) :
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... Can we do better?
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