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A question ~/

You invest in the stock market. Each morning, you have to decide
whether to sell or buy. At the end of the day, you see if you made the
right decision. If you did, great: that day, you made money.

However, you don’t know anything about the stock market.

But you have many friends who do: they’re all “experts.”



A question ~/

So every morning, before you make your decision, all those friends will
give you their advice.
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A question ~/

So every morning, before you make your decision, all those friends will
give you their advice.

T

Some might collude, or be completely wrong, or even try to make you
lose money. But each of them wiill tell you to either sell or buy.
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(And you do that again, every day.)
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A question 7

Then, based on those many pieces of
advice, you decide.

(And you do that again, every day.)

What is a provably good strategy to make
money?




Let’s make this formal UEﬁll



* There are n experts.
* Eachday, t =1, ..., T, each of them makes a prediction v;, € {0,1}

* If i; + ug, this counts as a mistake (mistakes are bad) 0e®

* Based on those, you make your own prediction ii; € {0,1}
* Then the “true” value u; € {0,1} is revealed

N\

Goal: minimise total number of mistakes M = ¥.I_. 14, 2u,
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But what do we mean by this? We don’t assume anything on the
experts or on the true values. They could even all be adversarial!



* There are n experts.
* Eachday, t =1, ..., T, each of them makes a prediction v;, € {0,1}

* If i; + ug, this counts as a mistake (mistakes are bad) 0e®

* Based on those, you make your own prediction ii; € {0,1}
* Then the “true” value u; € {0,1} is revealed

N\

Goal: minimise total number of mistakes M = ¥.I_. 14,44, cOmpared
to the best expert (whoever that is).

Not make much more mistakes than the best advice in hindsight.



Warmup: a Perfect Expert



* There are n experts. Suppose one of them (unknown) is always right.
* Eachday, t =1, ..., T, each of them makes a prediction v;, € {0,1}
* Based on those, you make your own prediction ii; € {0,1}

* Then the “true” value u; € {0,1} is revealed @

®e®
L\

* If iy # u;, this counts as a mistake (mistakes are bad)

Goal: minimise total number of mistakes M = ¥.I_. 14, 2u,



Theorem. There is a strategy guaranteeing M < n — 1, regardless of T
(even for T = o).

Set S « [n]
foralll1 <t < T do
Receive Oltre - r Ont

if |S| > 1 then
Pickanyi € S > Lexicographically, for instance
Choose ii; < v;;
else
Choose ii; < 0 > Arbitrary
Receive u; > Observe the truth

S S\{ieS:v;; #u} > Remove all mistaken experts




Theorem. There is a strategy guaranteeing M < n — 1, regardless of T
(even for T = o).
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Theorem. There is a strategy guaranteeing M < logn regardless of T

(even for T = o). @
®

. P9
Tt




(even for T = o). ®
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Algorithm: Start with S = {1,2, ... n}. Each day, choose ii; to be the
majority of advices from experts still in S. At the end of the day, remove
from S all experts who predicted wrong.

Claim. There is a strategy guaranteeing M < log, n, regardless of T @
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Claim. There is a strategy guaranteeing M < log, n, regardless of T @
.

(even for T = o). o ;
N\

Set S + [n]
forall1 <t < Tdo
Receive v14,...,Unt

if |S| > 1 then

Choose i} < maj; g v; > Take the majority advice
else

Choose 1y < 0 > Arbitrary
Receive u; > Observe the truth

S« S\{i€S:vi # u} > Remove all mistaken experts




(even for T = o). ®
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Algorithm: Start with S = {1,2, ... n}. Each day, choose ii; to be the
majority of advices from experts still in S. At the end of the day, remove
from S all experts who predicted wrong.

Claim. There is a strategy guaranteeing M < log, n, regardless of T @
o®

Proof of correctness. Every time we make a mistake, at least half the
experts in S must have been wrong (we took the majority vote). So
after each mistake the size of S is at least halved.
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N\

Algorithm: Start with S = {1,2, ... n}. Each day, choose ii; to be the
majority of advices from experts still in S. At the end of the day, remove
from S all experts who predicted wrong.

Claim. There is a strategy guaranteeing M < log, n, regardless of T @
o®

Proof of correctness. Every time we make a mistake, at least half the
experts in S must have been wrong (we took the majority vote). So
after each mistake the size of S is at least halved. But we always have
|S| = 1, since (by assumption) there exists an expert who is always
right (and therefore never gets removed).



(even for T = o). ®

N\

Algorithm: Start with S = {1,2, ... n}. Each day, choose ii; to be the
majority of advices from experts still in S. At the end of the day, remove
from S all experts who predicted wrong.

Claim. There is a strategy guaranteeing M < log, n, regardless of T @
o®

Proof of correctness. Since we started with |S| = n, our total number
M of mistakes must then satisfy

n
7 2 1 Hawvine  ALsorimiM

thatis, M < log, n.



Nobody’s Perfect



This is great! But... things completely fail if there is no “perfect expert.”

What if even the best expert made some mistakes? Can we make
things robust?
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This is great! But... things completely fail if there is no “perfect expert.”

What if even the best expert made some mistakes? Can we make
things robust?

Let’s revisit the algorithm.
We have n weights w4, ... w,, initialised to 1.
At day t, our prediction is U, <« Maj(w vy + -+ Wy Up ¢)

Whenever expert i made a mistake, we set w; « 7% - w;.



Algorithm (Multiplicative Weights Update).
Start with n weights wy, ... w,, initialised to 1.

Each day, choose the weighted majority U, <« Maj(w vy + -+ Wy Up ¢)

At the end of the day, set w; « % - w; for expert i made a mistake.

Set wy,...,w, + 1
forall1 <t < T do
Receive v 4, ..., Ot

r

Choose 1} sign(Zﬁ-‘_l Wiv;p > % Y wz-) > Weighted
majority

Receive u;
forall1 <i<mndo

1 .
sw;  ifv;; £ uy
w1<—{2 ’

> Observe the truth
> Penalise all mistaken experts

(OoF otherwise.

~% 0

]
w0 |



Set wq, . . ., w, + 1
forall1 <t <Tdo
Receive vy ¢, ..., 0yt

Choose ii; + sign (E;’:l Wiv;; > % i w,-) > Weighted

majority
Receive u;
foralll <i<ndo

1 -
sw; v £ up
w; {2 i i,

Ww; otherwise.

> Observe the truth
> Penalise all mistaken experts

Theorem 59. There is a (deterministic) algorithm (Algorithm 24) such

that
C*(T)+1
cry < S+ 2520 < 2.41(C*(T) + log, ) .
log, 3 '
Moreover, this holds even when T = oo. T

#w U’u

et
c’(T)- I:f::"; :Z_::-ﬂ v, 70,

0o ®
Tt



Theorem. The MWU algorithm guarantees M < 2.41(M™ + log, n),
where M~ is the # of mistakes made by the best expert. This holds
regardless of T (even for T = o0).

Rkl

Proof. Let@be the total weights of experts on day t. Initially, Wy, = n.
Every time we make a mistake, this means at least half the weight was on
experts who did a mistake (since we took the weighted majority). So_'ij we

made a mistake at day ¢,

1 ® 1 11 3
d
Wepr = WE° +5 tbadSEWt+§-EWt=ZWt

Now, look at the best expert (in hindsight).'Lhey made M™ mistakes, so

their final weightis (1/2)M". & Wi ¢ W ('"P)ze (p<3)
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Theorem. The MWU algorithm guarantees M < 2.41(M™ + log, n),

where M~ is the # of mistakes made by the best expert. This holds
regardless of T (even for T = o0).

Proof. Let W; be the total weights of experts on day t. Initially, W, = n.
Every time we make a mistake, this means at least half the weight was on

experts who did a mistake (since we took the weighted majority). So if we
made a mistake at day ¢,

1 1 11 3
d
Wepr = WE° +5 tbadSEWt+§-EWt=ZWt

Now, look at the best expert (in hindsight). They made M™ mistakes, so
their final weight is (1/2)M . So the final total weight is W > (1/2)1".



Theorem. The MWU algorithm guarantees M < 2.41(M™ + log, n),

where M~ is the # of mistakes made by the best expert. This holds
regardless of T (even for T = o0).

Proof. Let W; be the total weights of experts on day t. Initially, W, = n.
Every time we make a mistake, this means at least half the weight was on

experts who did a mistake (since we took the weighted majority). So if we
made a mistake at day ¢,

1 1 11 3
d
Wepr = WE° +5 tbadSEWt+§-EWt=ZWt

Now, look at the best expert (in hindsight). They made M™ mistakes, so
their final weight is (1/2)M . So the final total weight is W > (1/2)" .
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where M~ is the # of mistakes made by the best expert. This holds
regardless of T (even for T = o0).

Proof. Putting it all together:



Theorem. The MWU algorithm guarantees M < 2.41(M™ + log, n),

where M~ is the # of mistakes made by the best expert. This holds
regardless of T (even for T = o0).

Proof. Putting it all together:

1\" 3\" 3\"
(z) =wrs(3) w=(3) -
Now, we take the logarithm:

3
—M*< M log, (Z) + log, n

e~
£0



Theorem. The MWU algorithm guarantees M < 2.41(M"* + log, n), where M~

is the # of mistakes made by the best expert. This holds regardless of T (even
forT = ).

Proof. Putting it all together:

1 M 3 3 3 M 3 M
> =~ “’T =\ 7 [/l/() — | n
Now, we take the logarithm:

3
—M*< M log, (Z) + log, n

and get




Theorem. The MWU algorithm guarantees M < 2.41(M"* + log, n), where M~

is the # of mistakes made by the best expert. This holds regardless of T (even
forT = ).

Proof. Putting it all together:

N o 3 MW (3 M
2) =T =\g) PoT\g) "
Now, we take the logarithm:
3
—M*< M log, <Z>+log2n

and get
M* +log, n

.

< 241(M* + log, n)
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This is what we proved:

Algorithm (Multiplicative Weights Update).

Start with n weights wy, ... w,, initialised to 1.

Each day, choose the weighted majority U, « Maj(w vy + -+ Wy Up ¢)
At the end of the day, set w; « 2 - w; for expert i made a mistake.

Theorem. The MWU algorithm guarantees M < 2.41(M™ + log, n),
where M~ is the # of mistakes made by the best expert. This holds
regardless of T (even for T = o0).



This is what we proved:

Algorithm (Multiplicative Weights Update).

Start with n weights w4, ... w,, initialised to 1.

Each day, choose the weighted majority U, « Maj(w vy + -+ Wy Up ¢)
At the end of the day, set w; « % - w; for expert i made a mistake.

Theorem. The MWU algorithm guarantees M < 2.41(M™ + log, n),
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regardless of T (even for T = o0).



Using exactly the same argument (try it!), we get, for any 5 € (0,1):

Algorithm (Multiplicative Weights Update).

Start with n weights wy, ... w,, initialised to 1.

Each day, choose the weighted majority U, « Maj(w vy + -+ Wy Up ¢)
At the end of the day, set w; « [ - w; for expert i made a mistake.

M*log,(1/B)+1log, n
2
logz(m)
where M™ is the # of mistakes made by the best expert. This holds
regardless of T (even for T = o0).

Theorem. The MWU algorithm guarantees M <

’



Using exactly the same argument we get, for any 5 € (0,1):

0.
Theorem. The MWU algorithm guarantees @40 AL Q"f)‘fs * 0‘3‘“
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M~ log, (F) tlogzn © 0 M4 b
M < Bt K
log (—2 ) ‘ ™3
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where M™ is the # of mistakes made by the best expert. This holds
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Using exactly the same argument we get, forany f =1 — ¢ € (0,1):

Theorem. The MWU algorithm guarantees

M* 4+ —
E

) 1
M~ log, (F) + log, n 2( In n>

where M™ is the # of mistakes made by the best expert. This holds

regardless of T (even for T = o). o ood
o6 Voown o W, \.../Lg-wl pW, " - (I-PIW +PWe
6 W7 PH ¢ PV,

o o e e (1)

—p



s that tight?



Theorem. The MWU algorithm guarantees

Inn
M = Z(M*-I_T)

where M~ is the # of mistakes made by the best expert. This holds
regardless of T (even for T = o0).
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Can we improve that factor 2°?



Theorem. The MWU algorithm guarantees

Inn
M = Z(M*-I_T)

where M~ is the # of mistakes made by the best expert. This holds
regardless of T (even for T = o0).

Can we improve that factor 2? No.



Theorem. The MWU algorithm guarantees

Inn
M =2 <M* + —)
£
where M~ is the # of mistakes made by the best expert. This holds

regardless of T (even for T = o0).

Can we improve that factor 2? No. Consider two sets of n/2 experts,
where experts in the first set are wrong on odd-numbered days, and
those in the second set are wrong on even days. That will force T mistakes

(while the best experts make T'/2).
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deterministically choosing the weighted majority, pick the answer at
random according to the weights.
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Theorem. The MWU algorithm guarantees

Inn
M = Z(M*-I_T)

where M~ is the # of mistakes made by the best expert. This holds
regardless of T (even for T = o0).

Can we improve that factor 27 Yes. With randomisation! Instead of @
deterministically choosing the weighted majority, pick the answer at
random according to the weights. Improves the constant 2 to some ¢ < 2.
(But only guarantee on expected number of mistakes).



Input: Penalty parameter £ € (0, 1)
Set wy,...,w, <1
foralll1 <t < T do
Receive 01 ¢,...,0,4
Draw I € [n] according to the weights:

wy

Prll=i|l= ———, 1 € |n
[I=i]=5ry ]
Choose 1y +— v} > One expert gets the vote
Receive 1 > Observe the truth
foralll <i<ndo > Penalise all mistaken experts

w if Ot 75 Ut
w; < ’
W, otherwise.




Input: Penalty parameter € (0,1)
Set wq,..., w, + 1
foralll <t < T do
Receive vy 4,..., 04,
Draw [ € [1] according to the weights:

. w; .
Pr[I=i]= , i€ [n]
==
Choose i} v} > One expert gets the vote
Receive u; > Observe the truth
foralll <i<ndo > Penalise all mistaken experts

pw; if vy £ uy
wi < !
w; otherwise.

Theorem 61. There is a (randomised) algorithm (Algorithm 26) such that

C(T)In(1/p) +Inn
E[C(T)] < 1—p |

Moreover, this holds even when T = oo.

’B‘%g—ﬂ"’ C(T){_ Q_(T)G“(“é)* va::_

n( 2,

d@.— - > -omi.r‘?g @[ﬁa_ wmﬁ




Input: Penalty parameter € (0,1)

Setwy, ..., w, <1
Theorem 61. There is a (randomised) algorithm (Algorithm 26) such that foral 1<F< T do
Draw [ El[tn} ;'1;:::0¥c’1ting to the weights:
C*(T)YIn(1/8)+1Inn Prll—i]= Y icln
E[C(T)] < (1) In(1/F) . T
]_ — ]f ) Choose 1} + vy > One expert gets the vote
I Receive u; > Observe the truth
foralll <i<ndo > Penalise all mistaken experts
Moreover, this holds even when T = oo. o o {r%wf if 010 £
w; therwise.
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Input: Penalty parameter € (0,1)

Theorem 61. There is a (randomised) algorithm (Algorithm 26) such that o Em fw < ;dl
Draw I € [;z} ;c;:z;l;ing to the weights:
e
Moreover, this holds even when T = co. f wm:{f“ d;tiitwizf e m—
»
&(Pc)g Inn Z‘ﬂ.(l_ (I-p)F )
R T
B c'ﬂn_'.; Onn 2'(_&(1-(1-13)5-))
p &2 T
> . , F
> < bt (0 PJ){-Z: - L (b)) >
—




Concluding remarks



* This was a short intro to the Multiplicative Weights Update
Algorithms. Much more to say!
 Different predictions (not only binary)
 Different payoffs (not just 0-1 loss: correct/incorrect)
* Randomised version!

* Discovered/rediscovered in many areas: learning theory, game
theory/economics, computational geometry, convex optimisation...

* Many (sometimes unexpected) applications: online learning/bandits,
semidefinite programming, flow algorithms, zero-sum games,
algorithmic takes on evolution (!)



Some pointers if you have questions or want to know more about any
of those (or connections to some of those topics):

* The Multiplicative Weights Update Method: a Meta-Algorithm and
Applications. Arora, Hazan, Kale (2012):

https://theoryofcomputing.org/articles/v008a006/

 Lecture notes by Daniel Hsu (2017), Chapter 1:
https://www.cs.columbia.edu/~djhsu/coms6998-f17/notes.pdf

0o ®
L\



https://theoryofcomputing.org/articles/v008a006/
https://www.cs.columbia.edu/~djhsu/coms6998-f17/notes.pdf
https://www.cs.columbia.edu/~djhsu/coms6998-f17/notes.pdf
https://www.cs.columbia.edu/~djhsu/coms6998-f17/notes.pdf
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